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Abstract. EA-equivalence classes and the more general CCZ-equivalence
classes of functions over GF (2n) each preserve APN and AB properties
desirable for S-box functions. We show that they can be related to sub-
sets c[T ] and g[T ] of equivalence classes [T ] of transversals, respectively,
thus clarifying their relationship and providing a new approach to their
study. We derive a formula which characterises when two CCZ-equivalent
functions are EA-inequivalent.1
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1 Introduction
For functions φ : G→ N between groups, the subset Sφ = {(φ(x), x) : x ∈ G} of
N ×G can been used as the underlying instrument for measuring the nonlinear
behaviour of φ under several different measures of nonlinearity that are useful
in cryptography and coding. Pott in [13] uses Sφ to extend the definition of
maximal nonlinearity from the case N = G = Zn2 to arbitrary finite abelian
groups N and G, in terms of values taken by the group characters of N ×G on
Sφ. For abelian groups N and G for which |N | divides |G|, results of Carlet and
Ding [5] show the notions of perfect nonlinearity, bentness and Pott’s maximal
nonlinearity are equivalent. This generalises the corresponding relationships for
functions defined on finite fields.
It remains very difficult to find and classify functions over finite fields that
satisfy such desirable nonlinearity conditions, or to determine whether, once
found, they are essentially new, that is, inequivalent in some sense to any of
the functions already found. Several notions of equivalence exist (c.f. [7, Section
9.2.2]), but the most useful for Boolean functions appear to be Carlet-Charpin-
Zinoviev (CCZ)-equivalence and extended affine (EA)-equivalence.
When N = G = Zn2 , Sφ is called the graph2 of φ and is used to define CCZ-
equivalence [4, 3], which partitions the set of functions into classes with the same
nonlinearity and differential uniformity [4, Proposition 3], [3, Proposition 2], but
not necessarily the same algebraic degree. EA-equivalent functions have the same
1 The published version of this corrected preprint appears in LNCS 5130 (2008) 134–
143.
2 In [2–4], {(x, φ(x)) : x ∈ G} is called the graph of φ but we swap coordinates for
consistency with [13, 6, 7], without loss of generality.
nonlinearity, differential uniformity and, for functions of algebraic degree ≥ 2,
the same algebraic degree (see [2] for more details).
It is known [4] that EA-equivalence is a particular case of CCZ-equivalence,
and that any permutation is CCZ-equivalent to its inverse. In [2], Budaghyan
uses the inverse transformation to derive almost perfect nonlinear (APN) func-
tions that are EA-inequivalent to any power function, giving the simplest method
to construct such functions. Brinkmann and Leander [1] use backtrack program-
ming to classify all the APN functions in dimensions n = 4 and n = 5. Over
GF (16) there is only one CCZ-equivalence class of APN functions, which con-
sists of 2 EA-equivalence classes. Over GF (32) there are 3 CCZ-equivalence
classes of APN functions, containing respectively 3, 3 and 1 (for a total of 7)
EA-equivalence classes.
However, no general description of how EA-inequivalent functions might par-
tition a CCZ-class is known. This paper is a contribution to this problem.
As a subset of the group E = N × G, the graph Sφ is a transversal of the
normal subgroup N×{1}; that is, it intersects each coset N×{x} of N×{1} in E
in a single element. Therefore CCZ-equivalence classes should be related in some
fashion to equivalence classes of transversals. In earlier work [6, 7], the author
has related equivalence classes of normalised transversals to equivalence classes
of normalised functions φ : G → N (called bundles b(φ)) using the theory of
group extensions. When N = G = Zn2 , the bundle equivalence relation between
normalised functions φ : Zn2 → Zn2 differs slightly from EA-equivalence, but the
author’s affine bundle b̂(φ) is identical to the EA-equivalence class of φ [10,
Lemma 1].
Here, restriction to normalised functions φ : Zn2 → Zn2 allows us to define a
canonical transversal Tφ and its equivalence class [Tφ]. Inside [Tφ] is a canonical
equivalence class c[Tφ] of transversals corresponding to the bundle b(φ) (Corol-
lary 2). Consideration of the relationship of Tφ to its underlying graph Sφ leads
to the definition of a graph class g[Tφ] of transversals with c[Tφ] ⊆ g[Tφ] ⊆ [Tφ].
We introduce the graph bundle B(φ) of φ and show that b(φ) ⊆ B(φ) (Corollary
2). We relate B(φ) to the graph class g[Tφ] (Theorem 1), obtaining a version of
[3, Proposition 1].
The equivalence relation induced by the B(φ) coincides with CCZ-equivalence
for normalised functions, and the affine graph bundle B̂(φ) containing all trans-
lates of functions in B(φ) is identical to the CCZ-equivalence class containing φ
(Lemma 2).
Next (Theorem 3 and Lemma 5) we show that ϕ ∈ B(φ) if and only if there
exists ρ ∈ Sym1(Zn2 ), s ∈ Zn2 , a monomorphism ı = (ı1, ı2) : Zn2 → Zn2 × Zn2 and
ϕ∗ ∈ b(φ) such that (ϕ · s) ◦ ρ = ı1 ◦ ϕ∗ and ρ = ı2 ◦ ϕ∗. In this formula, which
characterises how functions in B(φ) move away from b(φ), the permutation ρ
which specifies how a graph underlies a transversal T in g[Tφ] seems to be more
important than the subgroup ı(Zn2 ) of which T is a transversal. In particular,
if ρ is an automorphism, ϕ ∈ b(φ) (Theorem 4). If φ is itself an automorphism
then inv(φ) ∈ b(φ) (Example 2).
This gives a new approach to looking for EA-inequivalent APN and other
highly nonlinear functions within CCZ equivalence classes as well as for CCZ-
inequivalent functions.
The paper is organised as follows. In Section 2 we outline some basic results
on graphs and transversals. In Section 3 we show how equivalence of graphs
relates to equivalence of transversals and introduce graph classes and graph
bundles. In Section 4 we use the theory of group extensions to derive the main
results and clarify the relationships between EA and CCZ equivalence classes of
normalised functions.
2 Transversals and Graphs
Let G and N be finite abelian groups, written multiplicatively. We denote by
C1(G,N) = {f : G → N, f(1) = 1} the set of all normalised functions from
G to N . Any un-normalised f has a normalisation f · 1 ∈ C1(G,N) given by
f · 1(x) = f(1)−1f(x). If f is normalised, then f · 1 = f . For a ∈ G, define the
shift action f · a of a on f by
(f · a)(x) = f(a)−1f(ax), x ∈ G. (1)
For any a, b ∈ G, (f · a) · b = f · (ab).
Denote the subgroup of normalised permutations of a group A by Sym1(A),
the subgroup of automorphisms by Aut(A) and the inverse of permutation ρ by
inv(ρ). For φ ∈ C1(G,N), define ∂φ : G×G→ N to be3
∂φ(x, y) = φ(x)φ(y)φ(xy)−1, x, y ∈ G (2)
which measures how much φ differs from a homomorphism.
If N
ı E pi G is an extension of N by G (that is, ı and pi are group
homomorphisms with kerpi = im ı) then each section t : G → E of pi (that
is, a mapping such that pi(t(x)) = x, x ∈ G) determines a transversal T =
{tx = t(x), x ∈ G} of the normal subgroup ı(N) in E (that is, a set of coset
representatives) and vice versa. Every element e ∈ E has a unique representation
as e = ı(a)tx for a ∈ N and x ∈ G. The transversal T is normalised if it intersects
ı(N) in 1, or equivalently, if t1 = 1.
For the extension N
ι N ×G κ G, with ι(a) = (a, 1) and κ(a, x) = x, and
for each φ ∈ C1(G,N), we will call
Tφ = {tx = (φ(x), x), x ∈ G} (3)
the canonical transversal of ι(N) = N × {1} in N × G determined by φ. More
generally, we study the set underlying Tφ.
3 Note that in [6, 7] the notation ∂−1φ is used. The technical reasons for this are
irrelevant to our purpose and here we write ∂φ for simplicity.
Definition 1. Let f : G → N . The graph of f is the set Sf = {(f(x), x), x ∈
G} ⊂ N ×G. It is normalised if f(1) = 1.
This definition is consistent with notation in [13, 6, 7] and agrees with that in [3,
p. 1143] for the case G = N = (GF (2n),+) ∼= Zn2 , provided we switch first and
second components consistently. This can be done with no loss of generality.
The canonical transversal Tφ of N ×{1} determined by φ ∈ C1(G,N) in (3)
has the graph Sφ as underlying set, and conversely, the graph Sφ of φ ∈ C1(G,N)
becomes the canonical transversal Tφ in (3) defined by the section t : x 7→ tx =
(φ(x), x), x ∈ G. If we know a set is a normalised transversal in N ×G, it is easy
to identify when it is a translate of a normalised graph, since the translate has
a restricted form and hence the translated graph is itself a graph.
Lemma 1. Suppose N
ı N × G pi G is an extension and T is a normalised
transversal of ı(N) in N × G. Set T = {tx = (λ(x), ρ(x)), x ∈ G}, where
pi(tx) = x. The following are equivalent:
1. there exists e ∈ N ×G such that T has the translate eSφ of the graph Sφ of
φ ∈ C1(G,N) as underlying set;
2. there exists s ∈ G such that T has the translate (φ(s), s)−1Sφ = Sφ·s of the
graph Sφ of φ ∈ C1(G,N) as underlying set;
3. ρ ∈ Sym1(G) and there exists s ∈ G such that λ = (φ · s) ◦ ρ . 
If, as in Lemma 1, T is a normalised transversal of ı(N) with underlying
set Sφ·s for φ ∈ C1(G,N) and s ∈ G, we have ρ ∈ Sym1(G) such that tx =(
(φ · s) ◦ ρ(x), ρ(x)) = (φ(s), s)−1(φ ◦ (sρ)(x), (sρ)(x)), for x ∈ G.
We represent T by
T ρφ·s = {tx =
(
(φ · s) ◦ ρ(x), ρ(x)), x ∈ G}, (4)
where pi(tx) = x, or, for brevity, by (ı, T ρϕ, pi), where ϕ = φ · s. Some basic
operations on such transversals (ı, T ρϕ, pi) are listed next.
Corollary 1. Let ϕ ∈ C1(G,N), ρ ∈ Sym1(G), and let (ı, T ρϕ, pi) be a transver-
sal as above.
1. If σ ∈ Aut(G), with inverse inv(σ), then (ı, T ρ◦σϕ , inv(σ)◦pi) is a transversal.
In particular, if ρ ∈ Aut(G) then (ı, T idϕ , ρ ◦ pi) is a transversal.
2. If γ ∈ Aut(N), then (ı ◦ γ, T ρϕ, pi) is a transversal.
3 Equivalence of Transversals and Graphs
With no loss of generality, we may restrict the study of equivalence of transver-
sals, as defined next, to equivalence of normalised transversals.
Definition 2. Let T , T ′ be transversals of the isomorphic normal subgroups K,
K ′, respectively, in a group E. Define T and T ′ to be equivalent, written T ∼ T ′,
if there exist α ∈ Aut(E) and e ∈ E such that α(K) = K ′ and e T ′ = α(T ), and
isomorphic, written T ∼= T ′, if T ′ = α(T ) (ie. e = 1). Denote the equivalence
class of T by [T ].
From now on, we assume G = N = Zn2 ∼= (GF (2n),+), written additively,
and E = Zn2 × Zn2 = Z2n2 .
We will focus on equivalence classes [Tφ] for φ ∈ C1(Zn2 ,Zn2 ). However, [Tφ]
will usually contain normalised transversals which are not graphs as well a those,
such as Tφ itself, which are. Consequently, we isolate a subset of [Tφ] consisting
of normalised transversals with (translates of) normalised graphs as underlying
set, as well as a special subset containing the canonical transversals.
Definition 3. Let φ ∈ C1(Zn2 ,Zn2 ). Define c[Tφ] ⊆ g[Tφ] ⊆ [Tφ] as follows.
The graph class g[Tφ] of Tφ is the set of normalised transversals in [Tφ] which
have a translate of a normalised graph as underlying set; that is, by Lemma 1,
g[Tφ] = {T ρϕ·s : T ρϕ·s ∼ Tφ, ϕ ∈ C1(Zn2 ,Zn2 ), s ∈ Zn2 , ρ ∈ Sym1(Zn2 )}.
The canonical class c[Tφ] of Tφ is the set of canonical transversals in [Tφ]; that
is,
c[Tφ] = {Tϕ : Tϕ ∼ Tφ, ϕ ∈ C1(Zn2 ,Zn2 )}.
By Corollary 1 it is possible that the graph class g[Tφ] may contain transver-
sals (ı, T idφ , pi) with exactly the same elements as the canonical transversal
(ι, Tφ, κ), that is, defined by the same section, which are transversal to some
normal subgroup ı(N) different from ι(N) = Zn2 ×{0}. An example to show that
this does occur is given in [8].
We now introduce an equivalence relation on normalised functions which co-
incides with CCZ-equivalence by affine permutations. This permits us to relate
CCZ and EA equivalence very naturally using transversals. Because this equiv-
alence relation is defined for functions between arbitrary groups in [8], we use a
different name.
Definition 4. Two functions φ, ϕ ∈ C1(Zn2 ,Zn2 ) are graph equivalent if there
exist α ∈ Aut(Zn2 × Zn2 ) and e ∈ Zn2 × Zn2 such that α(Sφ) = e + Sϕ. They are
graph isomorphic if α(Sφ) = Sϕ, ie. e = 0. Denote the graph equivalence class
of φ by B(φ) and term it the graph bundle of φ.
Two functions f, f ′ : Zn2 → Zn2 are affine graph equivalent if their normal-
isations f · 0, f ′ · 0 ∈ C1(Zn2 ,Zn2 ) are graph equivalent; that is, if there exist
α ∈ Aut(Zn2 × Zn2 ) and e ∈ Zn2 × Zn2 such that α(Sf ·0) = e + Sf ′·0. Denote the
affine graph equivalence class of f by B̂(f) and term it the affine graph bundle
of f .
Because Sf = (f(0), 0) + Sf ·0 we see that
f ∈ B̂(f ′)⇔ f · 0 ∈ B(f ′ · 0), (5)
so again, we may restrict to normalised functions with no loss of generality.
We now show that affine graph equivalence equals CCZ-equivalence (using
the affine permutation definition of CCZ-equivalence in [3, Definition 1]). The
linear permutation case of CCZ-equivalence corresponds to a particular case of
affine graph equivalence, which for normalised functions is graph isomorphism.
Lemma 2. Let f, f ′ : Zn2 → Zn2 . Then f is CCZ-equivalent to f ′ if and only if
B̂(f) = B̂(f ′).
Proof. By (5), f ∈ B̂(f ′) if and only if there exist α ∈ Aut(Zn2 × Zn2 ) and
e ∈ Zn2×Zn2 such that α(Sf ) = α((f(0), 0))+e−(f ′(0), 0)+Sf ′ if and only if there
exist α ∈ Aut(Zn2×Zn2 ) and e′ ∈ Zn2×Zn2 such that α(Sf ) = e′+Sf ′ if and only if
f is CCZ-equivalent to f ′. Note e′ = 0 if and only if e = (f ′(0), 0)−α((f(0), 0)).
Since a graph is always representable as a canonical transversal, we may
describe graph equivalence in terms of graphs and transversals. The affine version
of Theorem 1.1 is the extension of the characterisation [3, Proposition 1] of CCZ-
equivalence from the linear permutation case to the affine permutation case.
Theorem 1. Let φ, ϕ ∈ C1(Zn2 ,Zn2 ). Let Sφ, Sϕ, be their respective graphs and
let Tφ be the canonical transversal (3) determined by φ.
1. ϕ ∈ B(φ) if and only if there exist α ∈ Aut(Zn2 × Zn2 ), ρ ∈ Sym1(Zn2 ) and
s ∈ Zn2 such that
α(Tφ) = T ρϕ·s ;
2. ϕ ∈ B(φ) if and only if there exist s ∈ Zn2 and ρ ∈ Sym1(Zn2 ) such that
T ρϕ·s ∈ g[Tφ] .
Proof. 1. By definition, ϕ ∈ B(φ) if and only if there exist α ∈ Aut(Zn2 ×Zn2 ) and
e ∈ Zn2 × Zn2 such that the normalised transversal α(Tφ) of α(Zn2 × {0}) (with
underlying set α(Sφ)) has the translate e+ Sϕ as underlying set. Then Lemma
1 applies.
2. By Part 1 and Lemma 1, if ϕ ∈ B(φ) there exist s ∈ Zn2 and ρ ∈ Sym1(Zn2 )
such that T ρϕ·s ∼= Tφ, so T ρϕ·s ∈ g[Tφ]. Conversely if there exist s ∈ Zn2 and
ρ ∈ Sym1(Zn2 ) such that T ρϕ·s ∼ Tφ, then there exist α ∈ Aut(Zn2 × Zn2 ) and
e ∈ Zn2 × Zn2 such that α(Tφ) = e + T ρϕ·s, so α(Sφ) = e − (ϕ(s), s) + Sϕ and
ϕ ∈ B(φ). 
In the next section, we use the theory of group extensions to relate graph
bundles B(φ) to bundles b(φ).
4 Transversals and Bundles
Transversals T are used in the theory of group extensions to define cocycles ψT
according to the following standard construction. See [7] for further details.
Lemma 3. Suppose that Zn2
ı Zn2 ×Zn2
pi Zn2 is an extension of Zn2 by Zn2 and
let T = {tx, x ∈ Zn2 : pi(tx) = x} be a normalised transversal of ı(Zn2 ) in Zn2 ×Zn2 .
Then ψ
T
defined by
ψ
T
(x, y) = ı−1(tx + ty − txy), (6)
for all x, y ∈ Zn2 , is a cocycle, and must be of the form ∂φ for some φ ∈
C1(Zn2 ,Zn2 ). 
The mapping from transversal to cocycle given in Lemma 3 is surjective. We
illustrate this for the case at hand.
Lemma 4. Let φ ∈ C1(Zn2 ,Zn2 ). Let Tφ in (3) be the canonical transversal. Then
ψTφ = ∂φ. 
Equivalence of transversals determines a corresponding equivalence of cocy-
cles.
Theorem 2. [7, Theorem 8.5] Let T and T ′ be normalised transversals in Zn2 ×
Zn2 = E of the normal subgroups K and K ′ isomorphic to Zn2 , respectively, for
which E/K ∼= E/K ′ ∼= Zn2 . Let ψT = ∂φ, ψT ′ = ∂ϕ be the corresponding cocycles
of Lemma 3, respectively. The following are equivalent:
1. T ∼ T ′ ;
2. there exist γ, θ ∈ Aut(Zn2 ) and a ∈ Zn2 such that
∂ϕ = ∂(γ ◦ (φ · a) ◦ θ)); (7)
3. there exist γ, θ ∈ Aut(Zn2 ), a ∈ Zn2 and χ ∈ Hom(Zn2 ,Zn2 ) such that
ϕ = (γ ◦ (φ · a) ◦ θ) χ . 
Equivalence classes of normalised functions φ : Zn2 → Zn2 are defined using
Theorem 2.3. These equivalence classes are termed bundles; that is, the bundle
b(φ) of φ is{
(γ ◦ (φ · a) ◦ θ) χ : (γ, a, θ, χ) ∈ (Aut(Zn2 ),Zn2 ,Aut(Zn2 ),Hom(Zn2 ,Zn2 ))
}
(8)
Bundles exactly characterise the canonical classes of transversals.
Corollary 2. Let φ, ϕ ∈ C1(Zn2 ,Zn2 ).
1. [7, Theorem 9.22] b(φ) = b(ϕ)⇔ c[Tφ] = c[Tϕ]. Hence c[Tφ] ={
T(γ◦(φ·a)◦θ)χ : (γ, a, θ, χ) ∈ (Aut(Zn2 ),Zn2 ,Aut(Zn2 ),Hom(Zn2 ,Zn2 ))
}
. (9)
2. b(φ) ⊆ B(φ) so if b(ϕ) = b(φ) then B(ϕ) = B(φ) and
c[Tφ] = c[Tϕ] ⊂ g[Tϕ] ∩ g[Tφ].
Proof. 1. By definition, c[Tφ] = c[Tϕ]⇔ Tφ ∼ Tϕ which, by Lemma 4, Theorem
2 and (8), holds ⇔ b(φ) = b(ϕ).
2. By Part 1, if ϕ ∈ b(φ), Tφ ∼ Tϕ and by Definition 2 there exist α ∈
Aut(Zn2 ×Zn2 ) and e ∈ Zn2 ×Zn2 such that α(Zn2 × {0}) = Zn2 × {0} and α(Tφ) =
e + Tϕ, so α(Sφ) = e + Sϕ. By Definition 4, ϕ ∈ B(φ). The rest follows by
symmetry. 
The affine bundle b̂(f) of f : Zn2 → Zn2 is
b̂(f) = {f ′ : Zn2 → Zn2 , f ′ · 0 ∈ b(f · 0)}. (10)
Example 1. [10, Lemma 1] The affine bundle b̂(f) of f : Zn2 → Zn2 equals the
EA-equivalence class of f .
In general, the surjective mapping of Lemma 4 is not injective: more than
one transversal will define the same cocycle. All transversals determining the
same cocycle ∂φ as Tφ may be characterised, using Lemma 3.
Lemma 5. Let Zn2
ı Zn2 × Zn2
pi Zn2 be an extension of Zn2 by Zn2 . Let T =
{tx, x ∈ Zn2} with pi(tx) = x be a normalised transversal in Zn2×Zn2 of the normal
subgroup K = ı(Zn2 ), with corresponding cocycle ψT . Set ı(n) = (ı1(n), ı2(n)), n ∈
Zn2 , for ı1, ı2 ∈ Hom(Zn2 ,Zn2 ), and tx = (λ(x), ρ(x)), x ∈ Zn2 for λ, ρ ∈
C1(Zn2 ,Zn2 ) . Let φ ∈ C1(Zn2 ,Zn2 ).
Then ψT = ∂φ if and only if there exists χ = (χ1, χ2) ∈ Hom(Zn2 ,Zn2 × Zn2 )
such that
λ = ı1 ◦ φ+ χ1, ρ = ı2 ◦ φ+ χ2. (11)
In particular, if ϕ ∈ C1(Zn2 ,Zn2 ), s ∈ Zn2 and ρ ∈ Sym1(Zn2 ), ψTρϕ·s = ∂φ if and
only if there exists χ = (χ1, χ2) ∈ Hom(Zn2 ,Zn2 × Zn2 ) such that
(ϕ · s) ◦ ρ = ı1 ◦ φ+ χ1, ρ = ı2 ◦ φ+ χ2. (12)
Proof. Note ı1(Zn2 ), ı2(Zn2 ) are subgroups of Zn2 . Application of Lemma 3 is
straightforward:
ı(ψT (x, y)) = tx + ty − txy
= (λ(x) + λ(y)− λ(xy), ρ(x) + ρ(y)− ρ(xy))
= (∂λ(x, y), ∂ρ(x, y))
by (2), so ψT = ∂φ⇔ ı◦ψT = ı◦∂φ⇔ (∂λ, ∂ρ) = (ı1 ◦∂φ, ı2 ◦∂φ)⇔ (∂λ, ∂ρ) =
(∂(ı1 ◦ φ), ∂(ı2 ◦ φ)), because ı1 and ı2 are homomorphisms. 
Next we relate bundles and graph bundles. If Sϕ is a transversal T in [Tφ]
this DOES NOT necessarily imply ϕ ∈ b(φ) (though this can be true). Nor does
it imply that ψT = ∂ϕ, though again, this may be true. To combine Theorem 2
with Theorem 1 we need the case ρ ∈ Sym1(Zn2 ) of Lemma 5.
Theorem 3. Let φ, ϕ ∈ C1(Zn2 ,Zn2 ). Then ϕ ∈ B(φ) if and only if there exist
ρ ∈ Sym1(Zn2 ), s ∈ Zn2 , θ, γ ∈ Aut(Zn2 ) and χ ∈ Hom(Zn2 ,Zn2 ) such that
ψTρϕ·s = ∂ϕ
∗ (13)
for
ϕ∗ = (γ ◦ φ ◦ θ) + χ .
Proof. By Theorem 2, ϕ ∈ B(φ) if and only if there exist ρ ∈ Sym1(Zn2 ) and
s ∈ Zn2 such that T ρϕ·s ∼= Tφ , if and only if (by Lemma 4 and Theorem 2 with
e = 0) there exist ρ ∈ Sym1(Zn2 ), s ∈ Zn2 , θ ∈ Aut(Zn2 ), γ ∈ Aut(Zn2 ) and χ ∈
Hom(Zn2 ,Zn2 ) such that ψTρϕ·s = ∂ϕ
∗ where ϕ∗ = (γ ◦ φ ◦ θ) + χ . 
From Theorem 3 and Lemma 5 we see that ϕ ∈ B(φ) if and only if there exist
ρ ∈ Sym1(Zn2 ), s ∈ Zn2 , homomorphisms ı = (ı1, ı2), χ = (χ1, χ2) : Zn2 → Zn2 ×Zn2
with ı a monomorphism and ϕ∗ ∈ b(φ) such that (ϕ · s) ◦ ρ = ı1 ◦ ϕ∗ + χ1 and
ρ = ı2 ◦ ϕ∗ + χ2.
An important example is the case ρ ∈ Aut(Zn2 ).
Theorem 4. Let φ, ϕ ∈ C1(Zn2 ,Zn2 ) and ϕ ∈ B(φ). If there exist ρ ∈ Aut(Zn2 )
and s ∈ Zn2 such that T ρϕ·s ∼= Tφ then ϕ ∈ b(φ) .
Proof. If T ρϕ·s ∼= Tφ , there exists α ∈ Aut(Zn2 × Zn2 ) such that T ρϕ·s = α(Tφ) is a
normalised transversal of α◦ι(Zn2 ), where α(tx) = ((ϕ·s)◦ρ(x), ρ(x)) for tx ∈ Tφ.
By Lemma 3, α ◦ ι(ψTρϕ·s(x, y)) = α ◦ ι(∂φ(x, y)); that is, ψTρϕ·s = ∂φ. Let J =
(Zn2×{0})∩α(Zn2×{0}), so α restricted to J is an automorphism which extends to
an automorphism of Zn2 ×{0}. Thus there is a γ ∈ Aut(Zn2 ) such that α◦ ι = ι◦γ
on J . Because ρ is a homomorphism, α◦ ι(ψTρϕ·s(x, y)) =
(
∂((ϕ ·s)◦ρ)(x, y), 0) =
ι(∂((ϕ · s) ◦ ρ)(x, y)) = ι ◦ γ(∂φ(x, y)). Therefore ∂((ϕ · s) ◦ ρ) = ∂(γ ◦ φ). By
Theorem 2, ϕ ∈ b(φ). 
In [7, Corollary 9.23], the author claimed incorrectly that a normalised per-
mutation and its inverse lie in the same bundle. For instance, a Gold power
function φ(x) = x2
i+1, (i, n) = 1, over G = (GF (2n),+), n odd, has algebraic
degree 2, so is not itself affine, and thus all functions in its bundle have algebraic
degree 2 [3, p. 1142]. However its inverse has algebraic degree (n + 1)/2 [11].
Instead, a normalised permutation and its inverse lie in the same graph bundle.
Example 2. Let φ ∈ Sym1(Zn2 ) have inverse inv(φ). Then
1. B(inv(φ)) = B(φ) ;
2. if φ ∈ Aut(Zn2 ), b(φ) = b(inv(φ)).
Proof. 1. Consider the extension Zn2
ı Zn2 × Zn2
pi Zn2 , with ı(y) = (0, y) and
pi((x, y)) = x. The transversal T = {tφx = (x, φ(x)), x ∈ Zn2} with pi(tφx) = x of
{0}×Zn2 in Zn2 ×Zn2 is Tφinv(φ) by (4), and ψT = ∂φ, by Lemma 3. Since φ ∈ b(φ)
the result follows from Theorem 3 on setting ϕ∗ = ρ = φ and ϕ = inv(φ).
2. If φ ∈ Aut(Zn2 ), inv(φ) = inv(φ) ◦ φ ◦ inv(φ) satisfies (8). 
In order to identify the way in which B(φ) partitions into bundles (see Corol-
lary 2) we must first isolate the ρ ∈ Sym1(Zn2 ) and ϕ ∈ B(φ) such that ϕ ∈ b(φ).
By Theorem 4 the set of such ρ includes Aut(Zn2 ). We conclude that it is the set
of permutations ρ for which there is a transversal T ρϕ·s which is the key to these
problems, rather than the way in which automorphisms of Zn2 × Zn2 act on the
subgroup Zn2 × {0}.
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